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Prediction of Cylindrical Shell Response by
® L]
Statistical Energy Methods
DanieL D. Kana,* WEN-Hwa CHu' AND ROGER L. BESSEY?
Southwest Research Institute, San Antonio, Texas
The response of a closed cylindrical shell is determined for acoustic excitation which is random in time and
correlated in space. Two slightly different formulations of the statistical energy method are utilized to compute
shell displacement and interior pressure responses which are compared with measured values in }-octave fre-
quency bands. Structural damping estimates are based on linear viscoelastic theory, parameters for which are
empirically determined from experimental data. Various }-octave band averages are defined for computing
other frequency-dependent parameters for the system. Good over-all agreement between theoretical and
experimental results for shell response is achieved when the nonideal characteristics of the t-octave filters are
accounted for. On the other hand, agreement for interior pressure response was less satisfactory. A detailed
discussion is given for several possible sources of discrepancy.
Nomenclature R = distanf:e on projected area of applied pressure; in.
R:q = radiation resistance; (Ib-sec?)/in./(rad/sec)
, s . r,0,x — cylindrical coordinates
4,4 :te(:(t?iltaatlirgﬁ gészﬁggd;;‘;ilcst?\?eliy ?Ii]:z area of applied S,o{w) = point reference pressure spectral density; (psi)?/(rad/
i ure, tnt. se
‘ll;’ - adius of tank; 11r). ficient bet the scaled mth Sy(w), = spi:)ctral density of the shell response and interior
i B sg})llélcl)S(r:r?gclica(lzo:(fular;igocnoeange?th Zi‘;/e:lod:l Sggtfatirgn' Spa(e) pressgrel (in)(radjsec) - and  (psi)’/(radfsec), re-
> spectively
rad/ sec . . $,q = scaled displacement of the shell and the air, respec-
¢ = longitudinal wave velocity in shell medium; in./sec tively; in., unless otherwise defined
Co = sound velocity in the air medium; in/sec % - volum’e of’the interior air; in.>
E, = L())t;ireﬁigtg{) ;nfdtv}vlied:?'e{ilgrli;/g:g/ ;e(:r;ter frequency x,x'.x", = two-dimensional pozition vectors on shell surface,
> VL2 e.g., specified by (a, 0;, x1), etc.
Ezar,E245,= AF, AS, NR and total energy of the shell per unit %I’KZZ = in%pedrz)ince of ti,le( mtk; sh;)ll mode and rth air mode
Erng,Ez bandwidth with center frequency w; (in.-1b)/(rad/sec) mer respectively; (rad/sec)? ’
foofe :rsé‘:gictxélgy.fgguency and coincidence frequency, oy = kth input power correction factor; (nondimensional)
- ’ ) . BmB: or = damping coefficient of the mth shell mode and rth air
gl"""’ = cross-spectfral and cospeitra} degsn}i of exc1tt‘at110n’ s Brst mode, respectively; rad/sec or that of the mnth shell
. pre_sszure,d or pressure at x’ and x”, respectively; mode and rstth air mode
I B ;ptfrlrib/gaof/ssef;pe shell modes O s Ork = Kronecker delta; unity when m = n or r = k, other-
s - B wise zero
Larlzas, = numlber Olf) mo;les fgr A{’hASh Zl\llR modeAs and the 72,75 = loss factor in shell and in the interior air, respectively;
{ZNR,IZ B totzli 1r/lzum er of modes of the shell in (w, Aw) (nondimensional)

’< Iy — ;;er)age s-type joint acceptance per mode N23s,M21s = cg)upl;ng loss fa}i:tﬁr be(;ween shell and interior alir and
n o/ = - that between shell and exterior air, respecti fi
kr(x,w), =co and quad pressure cross-correlation factor (non- thz s-t;:/p\z mode pectively, for

ki(x, w) dimensional) . v, = Poisson’s ratio for elastic shell
M = total mass 0 f the cylmfier 5 (Ib-sec?)/in. Up = Poisson’s ratio for viscoelastic shell
m,n = ?ri((i)z;ldz;rr;(‘izsggﬁgllgerentlal wave number of shell modes po — density of the air medium; (Ib-sec?)in.*

L s = mass per unit area of the shell; (Ib-sec?)/in?.
Ny(w), = total number of the s-type shell modes and the interior gh‘lp _ I;ll?h sﬁell normal mode and rth(air nor%lal mode
Ni(w) air medium, respectively (nondimensional in (w, Aw) ¢m’ cru == shell normal mode and natural frequency of mth and
ns,n; = number of modes per unit bandwidth for the interior =

air; (rad/sec) !
R34rM24s, = number of modes per unit bandwidth for AF, AS,

nth axial and circumferential wave number, respec-
tively; nondimensional and rad/sec, respectively.

= a generalized fluid displacement
fangi2 N R modes and the total number of the shell, respec- lf,u,,.,w, = mth and rth shell and air natural frequencies, respec-
IN p IN leely; (rad/sec)” ! tively; rad/sec
P, ¥ P, = input power to the s-type shell modes and to the shell, Lh _ length and width of an “equivalent rectangular” plate

respectively, per unit bandwidth with center fre-
quency w; (in-1b/sec)/(rad/sec)
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Introduction

ETERMINATION of the response of elastic structures

to distributed random pressures is of fundamental con-
cern in many engineering applications. It assumes particular
significance in aerospace environments where acoustical energy
from several sources exerts a profound influence on the
dynamic response of the structure, as well as on its interior
components. These pressures are usually random in time,
have a spatial cross-correlation which is dependent on the
phase of the launch trajectory, and in general, cannot be
simulated by a diffuse field.

Various methods are available for the prediction of structural
response to random excitation. Of these, the modal method
is generally considered to be useful in low-frequency regions
which include low-modal density. Some of its limitations for
application to the case of a cylindrical shell excited by random
acoustic excitation were determined in the initial phase® of the
present program. The results of the remaining work, which
are reported herein, § represent an investigation of the response
of the same basic cylindrical configuration over much wider
frequency ranges which include high-modal density and sig-
nificant acoustic radiation. Two different formulations of
the statistical energy method are employed for prediction of
response. In previous work, use of this method has generally
been reserved to applications in which the loading is a diffuse
pressure field. Our purpose is to determine its applicability
to a case where a high degree of spatial correlation exists.

Experimental Analysis

In order to provide a relatively simple nondiffuse excitation,
the physical arrangement depicted in Fig. 1 was selected.
This is a similar system to that which was utilized in our
previous effort,’ except that more elaborate calibration proce-
dures are necessary at higher frequencies, and the cylinder was
capped in this case. The acoustical speaker was chosen to
provide a reasonably effective area of excitation, yet small
enough to minimize the computations required to obtain
theoretical numerical results. The entire apparatus, which
was designed to perform several related experiments, was
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composed of six parts: test fixture, excitors, excitation sources,
transducers, analyzers, and recording devices, all of which
are shown in the schematic of Fig. 2.

The test structure was a thin-walled aluminum cylinder
whose physical properties are given in Table 1. The primary
exciter was an 8-in. “hi-fi”’ loudspeaker which was mounted
in relation to the cylinder as described by the coordinate
system in Fig. 1, where x, = 15.00 in. The plane defined by
the edges of the speaker cone was parallel to and 0.85 in.
from the tangent plane to the cylinder at the excitation center
(r, 0, x=a,0, xo).

Five transducers were used to measure characteristics of the
cylinder under excitation. Three of these were Bentley dis-
placement detectors located relative to coordinates of Fig. 1,

Table 1 Properties of test cylinder

ps=2.59 10~*Ib-sec?/in* ! =30.0 in.
hs=0.020 in. f =2,640 Hz
a =1242in. Je=23,300 Hz

Material = 6061-T6 Aluminum
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Fig. 2 Schematic of instrumentation.

§ Further details of both experimental and theoretical analyses can be obtained from Ref. 2, from which this paper was condensed.
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Table 2 Transducer locations

[ x
Probe 1 81° 7.55in.
Probe 2 204° 12.25 in.
Probe 3 318° 24.40 in.

values for which are given in Table 2. A fourth transducer
was a B&K }-in.-diam microphone located at various points
inside the cylinder. The fifth transducer was an Endevco
acclerometer located on the top plate of the test fixture at
various points along a radius at 8§ = 45°. Transducer signals
were amplified and analyzed by three analog methods as
shown in Fig. 2.

In order to define the spatial correlation of the acoustic
field, calibrations were performed on the speaker prior to its
use in the experiments. The instrumentation setup for the
speaker calibration is seen in block diagram form (within the
dashed-line area) in Fig. 2, and is described in detail in Ref. 1.
Mapping of the acoustic field spatial correlation was done for
the center frequencies of the }-octave filters only, and was
thus considered to be an average over each respective band.
The field was found to be essentially symmetric with the axis
of the speaker cone; thus, only one coordinate (R in Fig. 1)
was necessary to designate a point located in the tangent
plane, but coincident with a point on the shell at which the
sound pressure was measured with the microphone.

In order to obtain the field distribution, a cross-spectral
density was computed between the pressures measured at
R =0 and those for various R # 0. These data were found
to consist of real (CO) and imaginary (QUAD) parts, and
were completely correlated in space as was expected. Data
were taken relative to CO of CPSD = 1.0 for R =0. The
general empirical equation

kr = exp (—AoR"®) cos (rR/P,) 6}
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Fig. 3 Modal diagram for cylindrical shell.
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was found to fit the CO data well for various values of Ao,
B,, and P,, which were dependent on the center frequencies
of the #-octave filters. The empirical equation

k] = Do CcOs (7TR/G0) - Bo (2)

fit the data for the QUAD part where the constants D, E,,
and G, also were dependent on the center frequencies of the
1-octave filters. Values of these parameters for various center
frequencies can be determined from the relative CO and
QUAD plots given in Ref. 2.

In order to provide a complete absolute calibration of the
speaker field, the preceding relative distribution must be com-
bined with a power spectral density measurement at R = 0,
Three methods were utilized for this measurement, as indi-
cated in Fig. 2. The experiments involved measurements of
shell displacement and interior air pressure response for the
following conditions (see Fig. 2 for switch positions).
1) Wide-band equalized excitation source—the loudspeaker
was used as the exciter, and the output of the proximity probes
was analyzed with the }-octave filters (switch locations A, q,
1-4, I) and the Ballantine meter. 2) One-third-octave
equalized excitation source—the loudspeaker was used as the
exciter, and the output of the proximity probes was analyzed
with the Ballantine meter directly (switch locations B, a,
14, II). 3) One-third-octave nonequalized excitation source
the loudspeaker was used as the exciter, and the output of the
proximity probes was analyzed with the Ballantine meter
directly (switch locations C, a, 1-4, 1I).

Theoretical Analysis

General Modal Relationships

Before proceeding to discuss the details of the statistical
energy method as applied to the vibration of a cylinder in air,
first it is necessary to recognize the existence of different modal
groups over various parts of a wide frequency band. Some
of the principles set forth by Manning and Maidanik?® will be
utilized for this purpose.

Figure 3 shows a diagram which depicts many of the modes
of the present cylinder over a wide frequency range. The
general relationship utilized for calculating these modes is

v = {Boa*l(nfa)* + (mom/D)?]* +
(A — v ) (mor/D*[(nfa)? + (mom/D?P}> (3)
where
v={flf:, Bo’>=h?/(12a%), mo=m+02
P =crl@n*a?), o =E/[p1 —v.)]

Note, that following Arnold and Warburton,* an effective
axial wave number my, is utilized for the present case of a
cylinder with partially fixed ends.

The modes of the cylinder have been separated into three
distinct groups representing nonradiating (NR), acoustically
slow (AS), and acoustically fast (4F) modes. Nonradiating
and acoustically slow modes are separated by the straight line

v = (colcon @

while acoustically slow and acoustically fast modes are
approximately separated by the curve

n=(ci;/co)v Re [{(1 — v.?)"* —
v[1 — (v/v)?]"/2}/2] %)

where

ve=fulfi, fo= co*[2n(D[phs)'?, D= Er*/12(1 — v.?)
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Fig. 4 Damping decrement for cylindrical shell.

Thus, for each %-octave band, the number of each type of
modes I2.4r, 1245, and I,yx were counted directly from Fig. 4,
along with Egs. (4) and (5). It should be recognized that
additional acoustically fast modes occur at higher frequencies
outside the set range of 5000 Hz.

Power Balance Equations

One possible form of power balance equations for the
vibration of a cylinder in air has been presented by Bozich
and White.®> However, their equations do not directly con-
tain terms which allow for a nondiffuse excitation, or for
nonradiating modes. Therefore, we will first present a
similar set of equations which do account for such additions.
These equations will be referred to as the separate group
theory, for reasons which will become obvious. Then, as a
result of discrepancies which resulted between this theory and
measured values in part of the frequency range, a second,
slightly modified theory is developed. It will be referred to
as the percentage theory. In particular, the noninteraction
between AF, AS, and NR structural modes of the shell is
considered in an alternate manner. Both, however, are
slightly different modifications of the same basic statistical
energy theory.

For our present problem, resonant modes are grouped so
that the subscripts 1-3 are used for the outside air, the cylin-
drical shell, and the interior air, respectively. However,
group 2 is further separated into NR, AS, and AF modes. In
the separate group theory, essentially five groups are then
defined, i.e., 1, 2NR, 245, 2AF, and 3. In this case, we may
write power balance (per unit bandwidth) equations for the
cylinder.

E E
w2 By a5 + 23450245 (n . —3) +

24F Hs
E> ¢
WN214FM24F Z4F = Pra™ (6)
H2aF
E E
2B 45 + wn234sM245 (n 45 ’1—3) -+
248 3
E, .«
WN2145M2 45 A PzAsIN (7)
Hzas
w7}2E2NR = Py (8)

Note that for nonradiating (NR) modes the acoustic coupling
is considered negligible. Similarly, for the interior air

Since the exterior domain of air is assumed to be of nearly
infinite extent, there is only radiation outward from the shell
with negligible reflected radiation. The power equation of
medium 1 thus is decoupled from the shell-interior-air power
equations. We then have the following average power
balance equation (per unit band width) for AF, AS, and NR
modes, respectively:

Ez E3
w7]2E2AF + @wnN23art2arF "1-‘ —— ]+

2 ns

w7721AF”24F‘E:P2,4F1N (11)
h2

E E
wanZAs + Wn2345M245 (”_2 - n—S) +
2 3

w7721Asn2As_2 = Paas™ (12)
5

w”/]zEzzvR:PzNRIN (13)

Similarly, the average power balance equation for the interior
air mode is

. E:_E\
wN3liz — WN234FN24F s s
E E
WN2348H2.45 ("“2 - _3) =0 (14
M2 ns3

Equations (11-14) are the basic governing equations for
the percentage method. Consider now a slight rearrange-
ment of these equations which makes the name of the method
more obvious. The total energy of the shell is

E2 - EZAF +E2AS +E2NR (15)

The total number of shell resonant modes per unit band-
width is

Nz == Naar + N2as + H2NR (16)

Only resonant modes are counted, since except at low fre-
quencies, their contribution to energies outweighs other modes
provided that they are lightly damped. If Egs. (11-13) are
summed (with equal weight), one obtains

> Es E,
w2 E> + wnzshz IT — — | + wnzsnz | —
2

H3 M2
:PZlN :PZAFKN +P2ASlN +P2NRIN (17)

where the coupling coefficients are

n H2a4s .
N2y — ::F MN2j4F + '—n'z_ N2jas, J = lor3 (18)
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Equation (18) expresses each part of the radiation as a portion,
or percent, of the total radiation. This is similar to that
presented by Manning and Maidanik.?

The determination of number of modes I>.4r, I24s, L2nr IN
each given bandwidth Aw centered at w is described in the
previous section. For the shell, the respective modal den-
sities are then

Ha24Fr = IzAF/A(l), etc. (19)

For the number of interior air modes, we will employ those
for an equivalent rectangular room (which is only an approxi-
mation for the present case)

ns = w?V3/(2m%co?) (20)
Further,
Es = po V3> Aw = S,3(w)Va/poco? @1
and
E; = M(y*>[/Aw = Mw?Sy(w) 2)

where y is the space-averaged shell displacement. The space-
averaged pressure spectral density of the interior, Sp,, and
the space-averaged shell displacement spectral density, §,, can
be calculated from Egs. (21) and (22) after E, and E; are
determined from the power balance equations.

Input Power

Previous investigators have usually considered only one
dominant form of energy loss in impedance relationships which
affect input power expressions. In the present case, where
energy losses vary considerably from one part of the fre-
quency range to another, a more accurate approximation will
be considered.

The Fourier transform of Egs. (9.1a) and (9.1b) of Lyon-
Maidanik® yields

. ¥ B.d, F. -

Sm+ Z Zor (@)~ Zo* ()’ Sm= —iwSy (23)
. X B,
L7 o= (24)

where
Zn(w) = wn?— 0?4 o, Z(w)=w?—*+ife (25

Using Egs. (23) and (24), the power input can be expressed as

M Ns 2 Ns -~
PslN = 'AT'U Z <Fm~§m> = ZM ) }Re Z (Fm*jm)<m’4w>
m 7T m
P SIN
= PN+ Py = i—l— (26)
Clradg

in which «..4 is a radiation correction factor to be determined
later, and an “integral approximation” and the residue
theorem have been used to evaluate band-average values for a
lightly damped system. Note that we have also used

Qo) Cofe) = O = 5 | P

A
= (2—7:;:)‘ [X*(w) Few) @4 + FH(— @) P(— w)@ 2]

= A_LU 2 R £k = {w,dw)
=\ 3, ) 7 Re B (@)Hw) 4]
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and
N M_ . % Ns FmFNm*(A iw)(w,Aw)
Pt =5 T Re ) Zw)
M Ns - - T

~ * —_

>~ 277T2 ; F.*F, (ZAw) (27a)
~ 5%"—1,42;15<J,.2>5 Sro(w), s = AF, AS, NR, respectively

(27b)

The joint acceptance in Eq. (27b) can be derived from Egs.
(27a) as

S

1 S pp e ” ’ ”
= L[] ey (28)

where
p=px\t), p'=px"1) IL=ndlw
Now let
Gy po = kr(x',)Spo(w) — jki(x,0)Spo(w)
= Cppo—jOpipo 29
Then, it can be shown (Ref. 2) that

ép'p" = Re Gp'p" = [kR('Elyw)kR('_’fﬂ7w) +
kX w)ki(x",e)]Spo(w)  (30)

Returning to the correction factor in Eq. (26) with the help
of Egs. (23) and (24), we have for N; # 0 (all terms are zero
when N, = 0)

Ns - -1
g = {Re[z Fm*smw’dw)]}

Ns Nr Brmé’rﬁm*(‘iw) (@, 40)
22

« Re{ g &)

Again, from integral approximation, but summing first with
respect to r in a procedure entirely analogous to that for
Eq. (11-1) of Lyon and Maidanik,$ the first double sum in
Eq. (31)is

oy = (7/2) Ruaa/AsM = (7/2) (w/Aw)(m23 +721)  (32)

Thus, we can say
Ns
e = Y O (33)
k

For N, # 0, the minimum possible value of o, may be au
while the maximum possible value may be Ny, As an
estimate of the correction for later discussion, we shall use

1 + Olrad AF = 1 + [(Ns + 1)/2]0‘m =1 -+ (IZAF + 1)/2
(w/AW)M234r +M2140)7/2  (34)

Note that oaq, is negligible for other than acoustic fast modes.

Coupling Factors
The radiation coefficient for AF modes is approximately®
Rz14r = Ra3ar = Ruad ar = pocod (35)
For acoustically slow modes® 7%
Reaa as = Apocof20(AA)G1(fIfD) + (Prdc/ G flf )}

for k, > ka, i.e., €5 << co Or AS modes (36)
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where, in our case, the perimeter of an equivalent plate is
P, =4ma+ 21 37N

As pointed out by Crocker and Price® Eq. (36) applies for
AS modes which are edge modes, thus proportional to its
effective edge. The resistance for radiation from the cylin-
drical shell to the exterior through 45 modes is then?-°

2ma
2ma -+ 21

4 172 s _. 2
Raias = RME 85 = §RAG ™C == 3 ( ) Ruaaas (38)

Similarly, the resistance for radiation from the cylindrical shell
into the interior through A4S modes is

2ma

R _:R‘}a/‘t quce:2R1/2 space:z
23 4S8 d A4S AS (277-(1 7F 21

) Rrad AS (39)

Finally, the coupling factors as indicated by Egs. (11) and
(12) are
N2js = szs/(M‘U) 40
where j =1, 3 and s stands for AF, AS modes, respectively.
For nonradiation modes, the radiation is negligible.
Loss Factors

For structural damping, we consider a linear standard solid
and v, close to 0.5. The viscoelastic theory yields?'1°

E, > E{l + io(E'[E))/(1 + iwC")}, iw=2/3t (41)

Then, the equation for the vibration of cylindrical shell in
terms of normal modes W,.. becomes

{1 + io(E[E))[(1 + iwC)wmn® Wn + 8 W/ 882 =0 (42)
This actually means
Dn” Won + (B[ E)0pn® OW pun| 0t + O*W ] 1% +
C'PW,a/0t> =0 (43)
To get an effective damping, let the solution be
Wie = e G-t

Then, for small damping, 6

By = 26 [(‘% - C’)wnmz/[l + (C’)2w2]] (44)

As a result, the logarithmic decrement is
Sace = (2m8/w)0 oy = TA1Wa/(1 - Cewn?) (45)
where
A =(E'JE)— C', C=(C")*

Logarithmic decrements were measured for our shell in air,
results of which are shown in Fig. 4. Matching of the
theoretical and experimental logarithmic decrements at
f=200 Hz and f= 4000 Hz yields

A, = 5.33 x 10~° (sec/rad)
C =228 x 1077 (sec/rad)?

e

The theoretical curve of Fig. 4 was then computed by using
these values in Eq. (45).

Since only resonant modes in the narrow frequency band
are needed in the prediction, w.. ~ w, the effective damping
coefficient for all modes in the frequency band center at w is
approximately

Bo= B =25

=8,0%(1 -+ Cw?) = (%~ C’)wz/[l +(C)?w?],

s = AF, AS, NR, respectively.
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The loss factor 7, is then

s =12 = Bifw (46)

as it should be.
For air damping, an empirical attenuation factor is given
as e "*, whereY

wa = (f/1000 Hz)*'2 0.085/(20 + 7)  ft=*  (47)
The frequency fis in Hz and
¢+ = d20(1 + 0.067) AT (nondimensional)

¢20 is the relative humidity at 20°C and AT the temperature
difference from 20°C. Since Eq. (47) is insensitive to small
differences in temperature and humidity, we have taken
AT~ 0 and ¢,,=0.5; thus, the denominator is approxi-
mately 20.5.

A one-dimensional theory is used to determine the damping
coeflicient as

Ba ; ZCOaA
Therefore, the loss factor in air is
N3 =7Na = Ba/w = 204 Colw 48)

Results and Discussion

In effect, results for structural damping have already been
presented in Fig. 4. This, of course, was desirable for
describing the method utilized to determine material con-
stants. However, at this point, it is appropriate to discuss
some of its limitations. As can be seen in Fig. 4, consider-
able scatter resulted in the experimental data. Such scatter
occurs with either method used to determine damping. With
the free-decay method, scatter results from nonuniformity of
decay curves which is caused by the beating of modes in
proximity to each other. On the other hand, with the half-
bandwidth technique, an erroneous damping usually results
from the spatial shifting about of modal patterns, as well as
coupling between nearby modes. With a fixed point for
response observation, spatial shifts of modal pattern with
frequency have a strong influence on the damping estimate.

Figure 5 presents the system energy distribution obtained
by means of the percentage method only, and is useful
for studying some details of the statistical energy method.
These results are purely theoretical and include the assumption
of an ideal i-octave filter. On the other hand, response
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FREQUENCY, Hz

Fig. 5 Energy distribution for system

€ The unit should be 1/ft instead of db/ft to be consistent with
Fig. 3d-3 of Ref. 11.
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Fig. 6 Shell response ratio.

results for cylinder displacement and interior air cavity can
more readily be compared with measured values. Correla-
tions for these parameters are shown in Figs. 6 and 7. In
these figures, the dashed theoretical curves (for both separate
group and percentage methods) are based on the assumption
of an ideal rectangular }-octave filter, the solid lines represent
theoretical curves (for percentage method only) which have
been corrected for the real filter characteristic, while multiple
experimental values are given at the various frequencies. In
Fig. 6, measurements are shown for three different observation
points for broadband equalized excitation through 2500 Hz,
and i-octave excitation throughout the entire frequency
range. In Fig. 7, the pressure measurements represent
maximum and minimum values observed along the centerline
of the cylinder, as well as the absolute maximum or minimum
value measured anywhere in the tank, for i-octave excitation
in the respective frequency band.

The four basic Eqs. (11-14) for the percentage method were
solved simultaneously to determine the four unknown re-
sponses E,4p, Eaas, Ezng, and E; in terms of the reference
excitation power spectral density S»,. The results are then
plotted as in Fig. 5. Subsequent use of Egs. (21) and (22)
then allowed a determination of the response ratios as they
appear in Figs. 6 and 7. Similar calculations are performed
for the separate group method, except that Egs. (6-9) are
used as the governing equations instead.

A matrix inversion scheme on a digital computer was used

PERC‘ENTACE REAL FILTER THEORY [ [

‘2 30 = or @ PERCENTAGE IDEAL FILTER THEORY| [——= ————— }~— = "1 -
P ——-— or & SEPARATE GROUP IDEAL FILTER THEORY @
o o TOP PLATE ESTIMATE ( MODAL THE! ) o
i | Lol

g ¥ } | ‘ s

© &

: Pl ope R
z & | S
g o : P H
= s L1
g 0 e ° _A g 1 éf 1’

S T L T
o ! ;

& | :
= s} o
= -0 i ' 1 ¢ :

3 @ Abs. Max. Tt
& O Max. (Axis } i
< EXPERIMENT [

- ~ -0 Min. {Axis ) .
20 : ‘ {
& Abs. Min : .
| . i ]
100 200 400 600 1000 2000 4000 6000

FREQUENCY , Hz

Fig. 7 Air cavity response ratio.
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for the above solution. Several comments must be made to
clarify some of the details of this procedure. Calculation of
input power coefficients requires the evaluation of joint
acceptance functions by means of Eqs. (28) and (30). A
numerical integration scheme employing a mesh size of 0.4 in.
was used for this purpose. Further, identification of specific
wave numbers, m and #, for each of the modes in the respective
1-octave bands also had to be included. This identification,
along with a mode count, was done from the modal diagram
in Fig. 4. All computations then included several parameters
which were based on some form of 4-octave average value,
which was usually a value determined at the band center
frequency. These were: 1) spatial correlation of excitation
pressure; 2) viscoelastic structural damping; 3) air damping
coefficients; 4) radiation coupling factors; and 5) modal
density of interior air cavity.

1t is interesting to look at the results of Fig. 5 with one
major assumption of the percentage method in mind. In
particular, the respective energies were combined with the
modal densities to provide corresponding energy densities
per mode. It was found that the assumptions of Eq. (10)
were not very well satisfied by the final results. Nevertheless,
the over all comparison of theoretical and experimental results
for the percentage method is still quite good, and is better
than that for the separate group method. This apparent
contradiction simply emphasizes the dire need of further
study in the application of the statistical energy method.

It must be borne in mind that the theoretical results repre-
sent space-averaged values. Measured results in Fig. 6,
which are taken at three rather arbitrarily selected points on
the cylinder, indicate that the shell displacement response
becomes reasonably uniform in space only for frequencies
above 300 Hz. This, then, is the most practical frequency
region where use of the statistical energy method becomes
appropriate for the cylinder. That is, the actual response
values at any point on the tank do not deviate appreciably
from the average values, so that predicted values are of
practical use. On the other hand, uniformity of air pressure
in the three-dimensional interior air space never approaches
that experienced by the cylinder, and only settles down to
about a 6-db spread above 2000 Hz. It appeared in this
case that a measurement of maximum and minimum pressures
was more useful than some average value since such an
extreme spread is experienced throughout most of the fre-
quency range. Consequently, theoretical values which repre-
sent a spacewise average should fall within the spread at all
points. This does not occur near 2500 Hz. Thus, each part
of the cylinder and air system independently reaches a state
of relatively uniform spatial response, which corresponds to a
diffuse sound field. This result is probably influenced to
some extent by the nondiffuse spatial distribution of the
excitation.

The results from the separate group and percentage method
(both based on an ideal filter) can readily be compared in
Figs. 6 and 7. For the shell response, the two methods give
identical results except between about 630 and 2500 Hz.
This is to be expected since no radiation occurs outside this
range. However, within this range, the percentage method
can be seen to provide a better comparison with experimental
results. Similar behavior is apparent in the interior pressure
response. Except for the single point at 630 Hz, the interior
air pressure should be negligible below 1000 Hz since only
nonradiating modes occur below this frequency, unless sig-
nificant nonresonant response is present. However, signi-
ficant pressures with wide scatter obviously do occur. An
attempt at explaining these observed pressures by possible
nonresonant response proved to be futile. Additional inves-
tigations showed that this discrepancy results from significant
resonant vibration of the end baffles and plates, which was
neglected in the analysis. One response point based on modal
theory allowing for the plate motion at 200 Hz, is shown in
Fig. 7 to fall within the measured range.
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Synthesis of Stiffened Conical Shells
W. A. THORNTON*
Clarkson College of Technology, Potsdam, N.Y.

The development of a method to effect the automated minimum weight design of ring and stringer stiffened
shells is presented. Membrane theory is used for the shell prebuckling analysis. The buckling analysis is based
upon an arbitrary shell of revolution computer program. The structural analysis includes both buckling and
yielding modes of failure. The synthesis involves the coupling of an exterior penalty function with a method for
the unconstrained minimization of a function comprised of a sum of squares. Results of the application of the
method to the design of the Viking Aeroshell cone are presented. The least weight Viking Aeroshell appears to
be an all magnesium shell with ring stiffeners of hollow circular cross section. Because the method incorporates
a general shell of revolution buckling analysis, it can be readily modified and applied to the design of any axisym-
metrically loaded uniformly stiffened shell of revolution for which a membrane prebuckling solution exists.

Nomenclature N = stiffener spacing

t = thickness parameter
a,b = dimensions of rectangular plate in # and ¢ directions Us,ug,w = displacements of shell middle surface
A = area of stiffener w = weight of shell
C,K,D = shell stiffness matrices X = vector of design variables
d = diameter or web height of stiffener Y = yield stress
E = Young’s modulus Z = eigenvector for general shell buckling
[i(x),¢1(x) = constraints o = cone half angle
G = shear modulus B.8,m = shell loading parameters
H =JTJ F = stiffener eccentricity
i = stiffener location parameter e, = extensional and bending strains
I = stiffener area moment A = loading parameter
J = Jacobian matrix v = Poisson’s Ratio
KK = stiffness and prebuckling matrices &0 = meridional and circumferential coordinates
l = length of shell wall p = weight density
M,N = moment and force resultants G, = vectors in penalty function method
n = circumferential mode number T = stress vector
p = uniform pressure (positive for external pressure) ¢:.do,p = rotations of normal to shell middle surface
P = axial load (positive for compression) o = penalty function
r = perpendicular distance from shell axis to meridian
R = shell radius Subscripts
Received July 6, 1971; revision received November 9, 1971. a,b = actual and buckling value
Supported by NASA Research Grant NGL-33-007-075. R,S = ring and stringer quantities
Index category: Optimal Structural Design. t = stiffener torsional properties

* Assistant Professor of Civil Engineering. Member AIAA.

W = wall quantities



